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Abstract
In this paper, we solve the particle-like eigenstates of a class of nonlinear dark
spinor equation, and compute several functions which reflect its characteristics.
The numerical results show that, the nonlinear spinor equation has only finite
meaningful eigenstates, which have only positive discrete mass spectrum. The
ground state of the dark spinor provides a small negative pressure which may be
important in cosmology.
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1 Introduction
Since Dirac established relativistic quantum mechanics, many scientists such as H.
Weyl, W. Heisenberg, have attempted to associated the elementary particles with the
eigenstates of the nonlinear spinor equation[1, 2, 3, 4, 5, 6]. In 1951, R. Finkelsten
solved some rigorous solutions of the nonlinear spinor equation, and pointed out that
the corresponding particles have quantized mass spectra[7, 8]. The stability of the
soliton has also been analyzed in [9, 10, 11]. However these researches have not realized
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their authors’ dream due to the mathematical difficulties in analyzing nonlinear spinor
equation.
In recent years, A great effort has been made into this line of research. The theo-
retical proof about the existence of solitons was investigated in [12, 13, 14, 15, 16, 17].
The symmetries and conditional exact solutions of the nonlinear spinor equations are
collected in [18]. This paper is a further research on the previous works[19, 20, 21]. Its
main motivation is to find out the negative pressure of the nonlinear dark spinors[22].
In what follows, we define some functions which reflect the properties of the equa-
tion and its eigenstates, and compute the typical values in detail, then extract some
important conclusions from the data.
2 Equation and its Properties
Denote the Minkowski metric by ηµν = diag[1,−1,−1,−1], Pauli matrices by










































In this paper, we adopt the Hermitian matrices (2.2) instead of Dirac matrices γµ for
the convenience of calculation. For Dirac’s bispinor φ, the quadratic forms of φ are
defined by
αˇµ = φ+αµφ, γˇ = φ+γφ, βˇ = φ+βφ, (2.3)
where the superscript ‘+’ stands for the transposed conjugation. By transformation law
of φ, one can easily check that αˇµ is a 4-vector, γˇ a true scalar and βˇ a pseudo-scalar.
One can construct some other covariant quadratic forms, but they are not independent
on (2.3) for some Pauli-Fierz identities such as[19, 23, 24]
αˇµαˇµ ≡ γˇ2 + βˇ2. (2.4)
The Lagrangian of the nonlinear bispinor φ satisfying Poincare´ invariance generally
take the following form
L = φ+(αµh¯i∂µ − µγ)φ+ V (γˇ, βˇ), (2.5)
where µ > 0 is a constant mass, V (γˇ, βˇ) is the nonlinear coupling term. Different
V corresponds to different models. The concrete form of V with practical physical
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meanings is unknown. For the case of V = V (γˇ), the eigenstates can be rigorously
solved. In contrast, numerical result reveals that the existence of βˇ in V has strongly
influence on the existence of eigenstates. This property seems to be relative to the
dynamic reason of the Pauli’s exclusion principle, which will be discussed elsewhere.





wγˇ2, w > 0. (2.6)
The dynamic equation for φ corresponding to(2.5) with nonlinear potential (2.6) is
given by
αµh¯i∂µφ = (µ− wγˇ)γφ, (2.7)
or in the Hamiltonian form as usual
h¯i∂tφ = Hˆφ = [~α · pˆ+ (µ− wγˇ)γ]φ, pˆ ≡ −h¯i∇, (2.8)
where Hˆ and pˆ are the nonlinear Hamiltonian operator and momentum operator re-
spectively.
For (2.8) the current conservation law holds, so we have the normalizing condition
∫
R3
|φ|2d3x = 1. (2.9)
The nonlinear coupling coefficient w is meaningful only under the condition (2.9). Dif-
ferent from the linear case, the nonlinear spinor equation will generally have continuous
spectra without the restriction of condition (2.9). So the normalizing condition is also




can be solved as follows


φe↑ = (g, 0, if cos θ, if sin θe
ϕi)T exp(−imc2
h¯




φe↓ = (0, g, if sin θe
−ϕi,−if cos θ)T exp(−imc2
h¯
t), for (P = 1, j3 = −12)
φo↑ = (f cos θ, f sin θe
ϕi, ig, 0)T exp(−imc2
h¯
t), for (P = −1, j3 = 12)
φo↓ = (f sin θe
−ϕi,−f cos θ, 0, ig)T exp(−imc2
h¯
t), for (P = −1, j3 = −12)
(2.10)
where P = 1 corresponds to even parity, and P = −1 corresponds to odd parity.
For the above eigenfunctions we have
γˇ = P(g2 − f 2). (2.11)




(f 2 + g2)r2dr = 1. (2.12)
3





g = − 1
h¯c







[(µ−m)c2 − wc(g2 − f 2)]g. (2.13)





g = − 1
h¯c







[(µ+m)c2 + wc(g2 − f 2)]g. (2.14)
The initial data of (2.13) and (2.14) satisfy f(0) = 0, g(0) > 0. For (2.13) and (2.14),
we have positive mass 0 < m < µ if and only if w > 0[19].



























(2.13) and (2.14) can be rewritten in a dimensionless form. For (2.13) we have

 u
′ = (a− u2 + v2)v, u(0) = u0 > 0,
v′ = −2
ρ
v + (a−1 − u2 + v2)u, v(0) = 0, (3.3)
where prime stands for d
dρ
. For (2.14) we have

 u
′ = (a−1 + u2 − v2)v, u(0) = u0 > 0,
v′ = −2
ρ
v + (a+ u2 − v2)u, v(0) = 0, (3.4)











where s is a dimensionless constant.
The computation shows that, for any given a > 1, there exists a sequence of initial
data u(0)1, u(0)2, · · ·, such that (2.13) and (2.14) have eigenstates. The theoretical
analysis proves that there are infinite solitons for every a[14]. In [20] we have shown
three eigenstates with even parity and the first eigenstate with odd parity.
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To describe the characteristic of the eigenstates, we define the following dimension-
less functions. which are all continuous functions of spectrum a.










For the same family of eigenstate, y is a continuous function of a. By (3.5), the
normalizing condition is equivalent to the equation y = log(s).





































where λ = h¯
µc
is a universal Compton wave length for all solutions of the spinor.



































R3 Re〈φ+~α · pˆφ〉d3x
= 1
µc2























Compared with (3.9), we have






γˇ2 · 4πr2dr. (3.11)
The physical meanings of y(a), E(a), d(a) and K(a) are evident. Now we examine
the meanings of P (a). For the perfect fluid in relativity, the energy momentum tensor
is given by
T µν = (ρ+ P )UµUν − Pgµν , T µµ = ρ− 3P. (3.12)
For the static fluid, we have the 4− d speed Uµ = (1, 0, 0, 0), so
T 00 = (ρ+ P )− P = ρ, and P =
1
3
(T 00 − T µµ ). (3.13)
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Figure 1: The norm y(a) and mean diameter d(a) of a spinor
































Figure 2: The energy E(a), K(a) and pressure P (a) of a spinor
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For the nonlinear spinor field (2.5) with V = V (γˇ), we define the corresponding
concepts as follows[26]
T µν = 1
2
Re〈φ+(̺µi∂ν + ̺νi∂µ)φ〉 − Lgµν
= 1
2
Re〈φ+(̺µi∂ν + ̺νi∂µ)φ〉+ (V ′γˇ − V )gµν . (3.14)




(T 00 − T µµ ) =
1
3
(m|φ|2 − µγˇ − 2V ′γˇ + 3V ). (3.15)






(m|φ|2 − µγˇ − 1
2
wγˇ2). (3.16)
The integrated and dimensionless form becomes (3.9). So (3.9) reflects the equivalent
pressure of spinor field in relativity.
The curve of the dimensionless functions defined above are shown in Fig.1 and Fig.2.
In Fig.1, The normalizing condition y ≡ log(s) = 0.919 comes from the computing of
anomalous magneton of an electron. A rough computation was given in [21], and a
more accurate result relative to this value will be displayed elsewhere. For electrons,
µ=˙me = 9.11 × 10−21kg, h¯ = 1.055 × 10−34J.s, c = 2.998 × 108m/s. By (3.5) and




=˙4.945× 10−59s2 = 3.406× 10−57(J · s ·m2).
For this case, the nonlinear spinor equation has only two eigenstates corresponding to
a = 1.95 and a = 45.7. The norm function of all other family of eigenstates has no
intersection points with y = 0.919.


















are dimensionless functions with the same scale. The unit of the coordinate r is the
universal Compton wave length h¯
µc
. So the images of different solution are visually
comparable in Fig.3.
4 Conclusions
Now we extract some important information from the above analyses and figures:
(P1). From Fig.1 and [20], we learn that the dimensionless norm y(a) acts like a
concave parabolic line, which has two intersection points with the normalizing condition
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Figure 3: Radial Functions of the Spinor





























Dimensionless Parameters for V=wγ4/4




y = log(s) for large enough s or w. Only the solution corresponds to such intersection
points is meaningful in physics. If s < sc ≈ 3.84, then y = log(s) has no intersection
point with all sequences of y = y(a).
(P2). By computing the anomalous magneton of an electron, we find s=˙8.30 or
w = 3.406 × 10−57(J · s ·m2). This may be a universal constant. For a spinor with
mass constant µ=˙me, we have not other solutions except for the first family solution
with even parity displayed in Fig.1. For this case, we have corresponding spectra
a1 = 1.95 and a2 = 45.7.
(P3). By the energy curve E(a) we find a1 corresponds to the low energy state,
but a2 corresponds to the high energy state. The energy of the high state is almost
equal to µc2. The energy gap between two state is more than 22%µc2. However for the
spinor with heavy mass, e.g., µ=˙Mp(the mass of a proton), then the energy gap will
increase a large amount.
(P4). The mean diameter of high energy state is about d2=˙40
h¯
µc
, but the mean
diameter of low energy state is only d1=˙4
h¯
µc
. The distribution of the radial functions
is shown by Fig.3.
(P5). The energy structure of the dark spinor is interesting. The function P
corresponding to the pressure of the fluid model almost vanishes generally. For the
high energy state P ∼ E × 10−9, but for the low energy state, we have negative
pressure, and P ∼ −E × 10−8. All numerical results show that |P | ≪ E, this seems to
be valid generally for all nonlinear potential V = V (γˇ) satisfying V ′γˇ − V > 0.
(P6). The kinetic energy K is almost direct proportional to the nonlinear potential.
For high energy state it almost vanishes, but for the low energy state, K ∼ 0.5µc2, it
contributes large part of the total energy E.
(P7). When the kinetic energy takes the maximum, but the pressure takes the
minimum. This completely contradicts the common sense about pressure. So the
properties of fields are quite different in some aspects from that of the classical particles.
(P8). The ground state of a nonlinear spinor can generally provide negative pres-
sure. Fig.4 shows the dimensionless function E(a), K(a) and pressure P (a) of a spinor
with nonlinear potential V (γˇ) = 1
4
wγˇ4. Compared with Fig.2, we learn that the pres-
sure becomes larger by 103 times than that for V (γˇ) = 1
2
wγˇ2, and the rigidity of the
spinor increases.
(P9). The natural constants seems to have been elaborated so that the linearization
of the dynamic equations is valid and then the chaos can be avoided for the fundamental
objects in the Nature.
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